The number N (k, r ) is defined to be the first integer such that it and every subsequent integer can be written as the sum of the k-th powers of r or more distinct positive integers. For example, it is known that N (2, 1) = 129, and thus the last number that cannot be written as the sum of one or more distinct squares is 128. We give a proof of a theorem that states if certain conditions are met, a number can be verified to be N (k, r ). We then use that theorem to find N (2, r ) for 1 ≤ r ≤ 50 and N (3, r ) for 1 ≤ r ≤ 30.
Introduction
In 1770, Waring conjectured that for each positive integer k there exists a g(k) such that every positive integer is a sum of g(k) or fewer k-th powers of positive integers. After Hilbert proved this theorem true in 1909, the challenge that became known as Waring's problem was the question that asks, for each k, what is the smallest g(k) such that the statement holds. For more information on Waring's problem, see [Weisstein] .
Recently, two papers have tackled the following "anti-Waring" conjecture: If k and r are positive integers, then every sufficiently large positive integer is the sum of r or more k-th powers of distinct positive integers.
The fact that there must be r or more k-th powers motivated the choice of the designation anti-Waring in [Johnson and Laughlin 2011] , where the conjecture was put forth. What sets this statement apart from Waring's problem is the word "distinct". The conjecture was later proved in [Looper and Saritzky 2012] . A natural anti-Waring problem arising from this proven conjecture is to find the smallest integer N (k, r ) such that it and every subsequent integer can be written as the sum of r or more k-th powers of distinct positive integers. Johnson and Laughlin proved that N (2, 1) = N (2, 2) = N (2, 3) = 129.
The following results are restricted to the case when k = 2 and k = 3. N (2, r ) is the smallest integer such that it and every subsequent integer can be written as the sum of r or more distinct squares. N (2, r ) has been found for 1 ≤ r ≤ 50. N (3, r ) is the smallest integer such that it and every subsequent integer can be written as the sum of r or more distinct cubes. N (3, r ) has been found for 1 ≤ r ≤ 30. For the purposes of this paper we use two definitions.
Definitions. An integer is (k, r )-good if it can be written as the sum of r or more k-th powers of distinct positive integers. An integer is (k, r )-bad if it cannot be written as the sum of r or more k-th powers of distinct positive integers.
To see an example of this idea, consider the case when k = 2 and r = 4. Since 129 can be written as 2 2 + 3 2 + 4 2 + 10 2 , 129 is (2, 4)-good. However, it is a brief exercise to verify that there is no way to write 128 as the sum of four or more distinct squares, and hence 128 is (2, 4)-bad. The fact that 129 is (2, 4)-good also directly implies that it is (2, r )-good for any integer 1 ≤ r ≤ 4. Using these definitions, the problem of finding N (2, r ) can be reworded to be the problem of finding the first (2, r )-good integer such that every subsequent integer is also (2, r )-good. In the case when r = 4, the fact that 128 is (2, 4)-bad implies that N (2, 4) ≥ 129.
As will be seen, an inductive argument used in the following theorems requires a consecutive list of (k, r )-good integers whose size grows as r does. Computer software was used to attain these large lists of (k, r )-good integers as well as to verify that certain key integers are in fact (k, r )-bad.
Results
Before stating the general result of this paper, it may be helpful to offer a less general theorem and proof that will serve as valuable context for Theorem 2.2.
Proof. As shown previously, N (2, 4) ≥ 129. It is also true that the consecutive integers {129, . . . , 18 2 } are (2, 4)-good. Therefore, if n ≤ 18 2 and n is (2, 4)-bad, then n ≤ 128. The rest of the proof continues by induction on m with m ≥ 18.
The induction statement: If n ≤ m 2 and n is (2, 4)-bad, then n ≤ 128. If m = 18, the statement is clearly true as we know the consecutive integers {129, . . . , 18 2 } are (2, 4)-good. Now suppose n ≤ (m + 1) 2 and n is (2, 4)-bad. If n ≤ m 2 , then by the induction hypothesis, n ≤ 128. Thus we can say
Consider the integer n − (m − 4) 2 . From (1) and the fact that m ≥ 18, we know that m
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To see that n − (m − 4) 2 is (2, 4)-bad, suppose that it is (2, 4)-good and hence
with t ≥ 4, a i = a j for all i and j,
Since n is (2, 4)-bad, there is some j ∈ {1, 2, . . . , t} such that a j = (m − 4).
and equivalently, n − m 2 ≥ m 2 − 16m + 46. Combining this with (1), we get
which is untrue when m ≥ 18. Therefore n −(m −4) 2 must be (2, 4)-bad, and by (2) and the inductive hypothesis, n − (m − 4) 2 ≤ 128. However, this is a contradiction since by (2) it is also true that n − (m − 4) 2 ≥ 129, and thus there are no n that are (2, 4)-bad and satisfy (1).
In Theorem 2.1, 129 was the expected result for N (2, 4) after using computer software to generate a long list of consecutive (2, 4)-good integers that began with 129. The aim of Theorem 2.2 is to offer a theorem such that under given conditions, expected results for N (k, r ) can be proven for any positive integers k and r . To simplify the notation S k (z) will be used to represent
Proof. We use induction on m ∈ ‫ގ‬ with m ≥ b. The induction statement: If n ≤ m k and n is (k, r )-bad, then n ≤N (k, r ) − 1.
If m = b, the statement is clearly true as we know the consecutive integers
Now suppose n ≤ (m + 1) k and n is (k, r )-bad. If n ≤ m k , then by the induction hypothesis, n ≤N (k, r ) − 1. Thus we can say
We will show that n cannot satisfy (3), and hence all cases have been addressed. Consider the integer n − (m − x) k . Using (3) and condition (iii), we know that
To
with t ≥ r, a i = a j for all i = j,
Since n is (k, r )-bad, a j = m − x for some j ∈ {1, 2, . . . , t}. This, along with condition (iv), implies that n
This contradiction of condition (i) means n − (m − x) k must be (k, r )-bad. Now from (3) and condition (ii),
Thus by the induction hypothesis, n − (m − x) k ≤N (k, r ) − 1. This contradicts (4) and means that there are no n that are (k, r )-bad and satisfy (3).
As a result of Theorem 2.2, in order to find N (k, r ) one must simply find a suitable list of (k, r )-good consecutive integers {N (k, r ), . . . , b k } such thatN (k, r ) − 1 is (k, r )-bad and an integer x that satisfies the four conditions of the theorem. It is this strategy that gives way to the tables of values in Theorems 2.3 and 2.4. Again, computer software was a valuable tool in determining whether a given number was (k, r )-good or (k, r )-bad for k ∈ {2, 3}. For each r in the following two theorems, corresponding values for x and b are listed in Tables 1 and 2 rather than in the proof of the theorem.
Theorem 2.3. Table 1 is a list of N (2, r ) for integers 1 ≤ r ≤ 50. Table 1 . For each r listed, N (2, r ) − 1 is (2, r )-bad, and the list of consecutive integers {N (2, r ), . . . , b 2 } is (2, r )-good. The three necessary conditions of Theorem 2.2 are satisfied by x.
Proof. For 1 ≤ r ≤ 4, N (2, r ) = 129 by [Johnson and Laughlin 2011] and Theorem 2.1. For each r , N (2, r ) − 1 has been shown to be (2, r )-bad. There exist b and x such that the consecutive integers {N (2, r ), . . . , b 2 } are (2, r )-good, and x satisfies the four conditions of Theorem 2.2.
Theorem 2.4. Table 2 is a list of N (3, r ) for integers 1 ≤ r ≤ 30.
Proof. For each r , N (3, r ) − 1 has been shown to be (3, r )-bad. There exist b and x such that the consecutive integers {N (3, r ) , . . . , b 3 } are (3, r )-good, and x satisfies the four conditions listed in Theorem 2.2. Table 2 . For each r listed, N (3, r ) − 1 is (3, r )-bad, and the list of consecutive integers {N (3, r ) , . . . , b 3 } is (3, r )-good. The three necessary conditions of Theorem 2.2 are satisfied by x.
Future work
The list of values of N (k, r ) can be extended indefinitely for any value of k. Currently we are only limited by our computing speed. A natural direction for further research would be to attempt to find an explicit formula for N (k, r ) for a specific k. In [Johnson and Laughlin 2011] , it was noticed that N (1, r ) = r (r + 1)/2. However, we have not found a formula for N (2, r ) or N (3, r ) .
Another area that seems natural is to attempt to find N (k, r ) for values of k greater than 3. We have attempted to use our current software to find N (4, 1) and N (5, 1), but our methods appear to be too inefficient. At this point, all that can be said confidently is that N (4, 1) is greater than 4.3 million, N (5, 1) is greater than 26.25 million, and perhaps they are both much larger.
It is also clear that N (k, i) ≤ N (k, j) when i ≤ j, and it seems natural to conjecture that N (x, r ) ≤ N (y, r ) when x ≤ y. Since N (1, r ) = (r (r + 1))/2, N (1, r ) ≤ S k (r ) ≤ N (k, r ) for any integer k ≥ 1. However, it is possible for an integer that it is (k, r )-bad to be (l, r )-good with k < l. For example, 9 is (2, 2)-bad but (3, 2)-good. Thus, a proof of this conjecture eludes us currently.
Note. After finishing this paper, it was brought to our attention that [Deering and Jamieson] had recently been submitted for publication. This paper has some of the same results as ours. In particular, our method of discovering N (k, r ), with proof, is very much like that of Deering and Jamieson. However, we feel that our method is sufficiently different and easier to use to merit publication.
